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The analysis of two examples to 
highlight  

The ArAl Project  The MMLab-ER Project 

CONTENTS OF THIS PRESENTATION: 

The Double Dialectic 
and the consequent evolution  
of the teachers’ praxeologies 

The praxis and logos levels of 
reseachers’ praxeologies and 

their evolution over time 



FIRST  
EXAMPLE 

ArAl 

Arithmetic Algebra 



FIRST  
EXAMPLE 

ArAl 

Arithmetic Algebra 

Malara & Navarra 2003  
Cusi Malara & Navarra 2010 

• To promote a linguistic and 

constructive approach to early algebra 

starting from primary school or even 

kindergarten; 

• To constitute an integrated teacher 

education program. 



FIRST  
EXAMPLE 

Our methodology of work with and for teachers 

HYPOTHESIS 
The observation and the critical-reflective study of socio-
constructive class processes are necessary conditions to 
foster teachers’ development of awareness about  

 the roles he/she must play in the class,  

 the dynamics which characterize the mathematical 
collective construction, 

 the variables which intervene. 



FIRST  
EXAMPLE 

Our methodology of work with and for teachers 

The teachers are organized in groups  

Each group is coordinated by a researcher-mentor 

Frequent face-to-face and e-mail exchanges  
between the teachers and the researcher-mentor 

Work-sessions conducted by the project leader  

Joint meetings with all the teachers and researchers 
involved in the research 

Community  
of inquiry 
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EXAMPLE 

Our methodology of work with and for teachers 

Teachers are involved in a complex activity of critical analysis of the 
transcripts of audio-recordings of classroom processes and 

associated reflections 

The Multicommented Transcripts (MT) 

TO MAKE TEACHERS 

o become increasingly able to interpret the complexity of class 
processes, reflecting on the effectiveness of their own role 

o control their behavior and communicative styles. 
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The mentor-researcher makes his/her own comments and 
send them back to the authors, to other teachers involved in 

similar activities, and sometimes to other researchers. 
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Mentor-researcher 

The teacher sends the 
transcripts, together 

with his/her own 
comments and 

reflections, to the 
mentor-researcher 

The mentor-researcher makes his/her own comments and 
send them back to the authors, to other teachers involved in 

similar activities, and sometimes to other researchers. 

Often, both teachers and 
researchers make further 
interventions in this cycle, 

commenting on comments or 
inserting new ones.  
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The Multicommented Transcripts (MT) 

Experimenter-
teacher 

Experimenter-teacher 

Other teachers 

Other researchers 

Mentor-researcher 

Choral web 
participation 

Intensive 
email 

exchanges 

Plurality of 
comments 

Fruitfulness of 
the reflections 
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EXAMPLE 

Thanks to the  MT teachers have the 
possibility to become aware of: 

The possible different interpretations, given by 
teachers and researchers, of the dynamics activated 
during class activities.  

 

THE DOUBLE DIALECTIC  
within the ArAl Project 

The contrast/interaction between the personal 
sense their students attribute to class activities 
and the institutional meaning of both the activities 
and the mathematical concepts involved. 
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new teachers’ praxeologies  

related to both  

the roles  
they should play  

in their classrooms  

the ways  
of pursuing their 

professional  
development 

“I believe that a teacher who plans his/her 
didactical activities constantly referring to 

these (theoretical) aspects could really 
educate students to think, instead of only 

training them to reproduce algorithms and 
meaningless contents” 

(Reflection of C) 

Theoretical elements for 
the analysis of class 
processes become 
internal components of 
the teachers’ community. 



FIRST  
EXAMPLE 

The double-level dialectic  
engendered thanks to the MT  

fosters the development of  
new teachers’ praxeologies  

related to both  

Web  MT 

the roles  
they should play  

in their classrooms  

the ways  
of pursuing their 

professional  
development 

“My initial idea of myself as the only guide,  
unassailable from both the didactical and methodological point of view …  
I realised , instead, the advantages of this kind of work: reflecting on some 

negative attitudes/interventions, highlighted during the a-posteriori 
analysis with the mentor-researcher and the other researchers, enabled 
me to become less impulsive and to activate, when necessary, suitable 

strategies aimed at motivating my students”  
(Reflection by M) 



 
 

 

“Mathematical Machines Laboratories  
for the Emilia-Romagna region”  

 

MMLab-ER 



MMLab-ER Project 

The MMLab-ER project, framed in the 
Italian research for Innovation, takes into 
account the studies on teacher knowledge 
and teacher education  
and responds to national and international 
standards about Inquiry Based Science 
Education .  
It aims at the construction of a network of 
well prepared in-service teachers about  
mathematical laboratory 

Supported by Region Emilia Romagna and coordinated 
by the Mathematical Machine Laboratory. 

http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html  

(Rochard et al., 2007) 

(Arzarello & Bartolini 
Bussi,  1998) 

(Schulman, 1986) 
(Wood (ed), 2008) 
(Ball et al., 2008) 

www.umi.dm.unibo.it/downloads/icme10.pdf  

http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.mmlab.unimore.it/site/home/progetto-regionale-emilia-romagna.html
http://www.umi.dm.unibo.it/downloads/icme10.pdf


Bilbao, 2014 

Teachers and then students worked on different 
geometrical machines (e.g. pantographs for geometric 
transformations and curve drawers)  and arithmetical 
machines (e.g. the Pascaline) 
 

The focus was on the analysis of  
exploration and argumentation processes and  

of cultural aspects involved. 

(Boero, 2007,  Martignone & Antonini, 2009; Antonini & Martignone, 2011; 
Martignone, 2011; Bartolini Bussi et. Al, 2011; Bartolini Bussi & Martignone, 2013) 

http://www.macchinematematiche.org/ 
 

http://www.macchinematematiche.org/
http://www.macchinematematiche.org/


MMLab-ER Phases  
(2008/10-2012) 

Set up of laboratories  with 
many  collections of 
reconstructions of cultural-
historical artefacts: the 
mathematical machines 

Teacher education program: 
teachers and researchers (as 
teacher educators) designed and 
developed different teaching 
experiments sharing and 
discussing the results. 

Teaching experiments 
in primary and 
secondary schools  
are still going on  

www.mmlab.unimore.it 
www.macchinematematiche.org   

http://www.mmlab.unimore.it/
http://www.macchinematematiche.org/


The MDT-Model gives us some interpretative 
tools to control the overall development of 
researchers’/teacher educators’ Meta-Didactical 
praxeologies, identifying how these praxeologies 
changed at different levels: praxis level and 
logos level.  
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The term “meta-didactical” denotes that these 
praxeologies deal with the actions and reflections of 
researchers about the educational activities.  



The MDT-Model gives us some interpretative 
tools to control the overall development of 
researchers’/teacher educators’ Meta-Didactical 
praxeologies, identifying how these praxeologies 
changed at different levels: praxis level and 
logos level.  

 

The questions that we have answered are:  

What has changed? In what way? At what level? 
Why? 

 

The term “meta-didactical” denotes that these 
praxeologies deal with the actions and reflections of 
researchers about the educational activities.  
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Researchers/ 
teacher educators 
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M eta -d id a ct .
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Researchers’  Praxeol. 

By means of the teacher education program, in 
which theory and practice are strictly intertwined, 
new shared praxeologies developed and also the 
previous teachers’ and researchers’ praxeologies 
improved. 

During the  MMLab-ER  
Teacher Education Program 
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Praxis level 
 

Researchers’ Praxelologies   PR1  

Tasks 
 

To study the educational potential 
of the laboratory activities with 

mathematical machines 

 
 
 
 
 
 

 

Techniques 
Design and analysis of activities 

for primary and secondary school 
students. 

Development and analysis of 
clinical interviews 

 
 

 

Developed when the researchers study theories, plan, observe 
and analyse classroom activities, construct theoeretical lenses 
to describe and interpret students’ difficulties and successes. 

Bilbao, 2014 

Meta-didactical because 
they reflect on 

educational activities 
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Logos level 

Semiotic mediation framework (Bartolini Bussi & Mariotti, 2008) 

Educational studies about proof (Garuti, Boero, Lemut & 
Mariotti, 1996; Garuti, 2003; Theorems in School (Boero ed., 2007)…) 

Mathematics laboratory (Curricula and Standards) 

Studies on mathematical machines utilization schemes 
(Martignone & Antonini, 2009) 

 
 

 
 
 
 

Researchers’ Praxelologies   PR1  
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Praxis level 
 

Tasks 
 

Design and analyse the activities for 
developing teachers’ attention on 
the exploration processes, on the 

conjecture productions and on the 
proof constructions by means of 

laboratory sessions with 
mathematical machines. 

Tecniques 
 

The development of tasks for 
teachers that include, for example, 

the selection of suitable 
educational paths to be discussed 
with teachers and the analysis of 

different teaching experiments. The 
analysis of teachers’ actions during 

the program and of teachers’ 
reflections by means of logbooks 

and final reports 

Researchers’ (as teacher educators) 
praxeologies PR2 

Praxelogies linked to their work as teacher educators  and 
their research on teacher education processes (Boero & 
Guala (ACC), Shulman (PCK), Watson & Sullivan (Task for 
teachers) 

Meta-didactical because 
they reflect on 

educational activities 
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Logos level 
Cultural Analysis of Content  (Boero & Guala, 2008) 

Research in Mathematics Education and studies about 
argumentation processes (Gutierrez & Boero, 2006; Boero ed., 

2007) 

Research on teacher education (Schulman, 1986; 

Wood Ed., 2008; PME and Cerme studies…) 

 

Researchers’ (as teacher educators) 
praxeologies PR2 
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2008/09                           2009/10                             2010/11  
 

… 

2012 … 

The MDT model is useful in describing and analyzing the evolution 
over  time of the different components of the praxeologies.  

We can identify the aspects that do not change and what and how in 
the praxis and logos levels are modified. 

+ + + 



Bilbao, 2014 

2008/09                           2009/10                             2010/11  
 

… 

2012 … 

+ + + 

What has changed? In what way? At what level? 
Why? 
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2008/09                           2009/10                             2010/11  
 

… 

2012 … 

Cognitive studies 
(Antonini & Martignone , 2011) 

Reflections about 
 the cultural aspects 

(Bartolini Bussi & Martignone, 2013) 

The model is useful in describing and analyzing the evolution over  
time of the different components of the praxeologies.  

We can identify the aspects that do not change and what and how in 
the praxis and logos levels are modified. 

Studies about  educational aspects 
(Garuti  & Martignone, 2010; 

Martignone, 2012;  
Banchelli & Martignone, 2012…) 

Praxis level 
•Improvement of techniques: modifying  
some activities, removing  others, introducing 
new tasks elaborated with the teachers and 
analysing previous logbooks to use them as 
tools for reflection 

Logos Level 
•Improvement of  technologies and theory: 
developing new studies on cognitive, cultural 
and educational aspects involved 

+ + + 



The MDT Model 

To describe To analyse 

M eta -d id a ct .

T r a n sposit ion

Shared praxeologies

Internal
compon.

Internal 
Compon.

External
Compon.

External
Compon.

Teachers’ Praxeol. 

New researchers’ prax. New teachers’ prax.

Researchers’  Praxeol. 

To understand 
what changes 
over time  and 

why 

To highlight what 
kind of dynamics 

could be 
engendered at 

both the 
didactical and 

meta-didactical 
level 

To compare different 
processes and 

different programs 
It could enable a re-design and 

planning of future activities 



Thank you! 


