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RATIONALITY	
  	
  

•  The	
  starLng	
  point:	
  Habermas’	
  construct	
  of	
  
raLonal	
  behavior	
  in	
  discursive	
  pracLces	
  

•  Three	
  dimensions:	
  
– knowledge	
  and	
  meta-­‐knowledge	
  at	
  play	
  
(epistemic	
  raLonality,	
  ER)	
  

– acLon	
  and	
  its	
  goals	
  (teleological	
  raLonality,	
  TR)	
  
– communicaLon	
  and	
  related	
  choices	
  
(communicaLve	
  raLonality,	
  CR)	
  



•  The	
  construct	
  was	
  adapted	
  to	
  analyse	
  
mathemaLcal	
  acLviLes	
  like	
  proving	
  and	
  
modeling	
  (Boero,	
  2006;	
  Boero	
  &	
  Morselli,	
  2009)	
  

•  Indeed,	
  all	
  those	
  acLviLes	
  move	
  along	
  
between	
  epistemic	
  validity	
  (ER),	
  strategic	
  
choices	
  (TR)	
  and	
  communicaLve	
  requirements	
  
(CR)	
  	
  



PME	
  Research	
  Forum	
  	
  
(Boero	
  et	
  alii,	
  2010)	
  

Integrated	
  with	
  Toulmin’s	
  model	
  of	
  argumentaLon	
  
	
  
•  To	
  plan	
  and	
  analyse	
  students’	
  enculturaLon	
  into	
  the	
  
culture	
  of	
  theorems	
  in	
  the	
  context	
  of	
  geometry	
  and	
  
elementary	
  theory	
  of	
  numbers	
  

•  To	
  analyse	
  argumentaLons	
  at	
  content	
  and	
  meta	
  level	
  

Argumenta*on	
   and	
   proof:	
   A	
   contribu*on	
   to	
   theore*cal	
  
perspec*ves	
  and	
  their	
  classroom	
  implementa*on	
  



The	
  “Habermas	
  Group”	
  

•  Group	
  of	
  teachers	
  and	
  researchers	
  
•  Regular	
  meeLngs	
  in	
  Turin,	
  starLng	
  from	
  2012	
  

•  Workshops	
  on	
  the	
  use	
  of	
  the	
  theoreLcal	
  tool	
  
derived	
  from	
  Habermas	
  	
  

•  IntegraLon	
  with	
  other	
  theoreLcal	
  tools	
  (e.g.	
  
Toulmin’s	
  model	
  for	
  argumentaLon,	
  Sfard’s	
  
commogniLon	
  approach)	
  



The	
  “Habermas	
  Group”	
  

RaLonality	
  in	
  
strategic	
  
games	
  

RaLonality	
  in	
  
classroom	
  
interacLon	
  

RaLonality	
  
and	
  teacher	
  
educaLon	
  

Teacher’s	
  role	
  
in	
  promoLng	
  
students’	
  
raLonality	
  

RaLonality	
  and	
  
creaLvity	
  

RaLonality	
  in	
  
different	
  

mathemaLcal	
  
domains	
  



PME	
  Research	
  Forum	
  
(Boero,	
  De	
  Simone,	
  Douek,	
  Ferrara,	
  Goizueta,	
  Guala,	
  

MarLgnone,	
  Morselli,	
  Planas,	
  Sabena,	
  2014)	
  

•  Consciousness	
  and	
  creaLvity	
  in	
  mathemaLcal	
  acLvity	
  
•  The	
  crucial	
  role	
  of	
  the	
  teacher	
  
•  RaLonality	
  in	
  social	
  interacLon	
  	
  
	
  
	
  

Habermas’	
   construct	
   of	
   ra*onal	
   behavior	
   in	
   mathema*cs	
  
educa*on:	
  new	
  advances	
  and	
  research	
  ques*ons	
  



An	
  example	
  of	
  integrated	
  tool	
  

Cycle	
  of	
  
algebra	
  

RaLonality	
  
in	
  proving	
  

Integrated	
  
analyLcal	
  

tool	
  



The	
  cycle	
  of	
  algebra	
  (Boero,	
  2001)	
  



The	
  integrated	
  analyLcal	
  tool	
  (Morselli,	
  2013)	
  

ER	
  
modeling	
  

ER	
  
modeling	
  

ER	
  
systemic	
  

Modeling	
   requirements:	
   correctness	
   of	
   algebraic	
  
formalizaLons	
  and	
  interpretaLon	
  of	
  algebraic	
  
expressions	
  
Systemic	
  requirements:	
  correctness	
  of	
  transformaLon	
  
( co r r e c t	
   app l i c aLon	
   o f	
   s yn t a cLc	
   r u l e s	
   o f	
  
transformaLon).	
  



TR	
   TR	
  

TR	
  

Conscious	
  choice	
  and	
  
management	
  of	
  algebraic	
  
formalizaLons,	
  
transformaLons	
  and	
  
interpretaLons	
  that	
  are	
  
useful	
  to	
  the	
  aims	
  of	
  the	
  
acLvity.	
  

The	
  integrated	
  analyLcal	
  tool	
  (Morselli,	
  2013)	
  



CR	
  
Adherence	
   to	
   community	
  
norms	
   concerning	
   standard	
  
notaLons	
   and	
   criteria	
   for	
  
reading	
   and	
   manipulaLng	
  
algebraic	
  expressions.	
  

CR	
  

The	
  integrated	
  analyLcal	
  tool	
  (Morselli,	
  2013)	
  



ER	
  
modeling	
  

ER	
  
modeling	
  

ER	
  
systemic	
  

TR	
   TR	
  

TR	
  

CR	
   CR	
  

The	
  integrated	
  analyLcal	
  tool	
  (Morselli,	
  2013)	
  



In	
   order	
   to	
   jusLfy	
   a	
   new	
   analyLc	
   tool	
   in	
  MathemaLcs	
  
EducaLon	
  it	
  is	
  necessary	
  to	
  show	
  how	
  it	
  can	
  be	
  useful:	
  

in	
  describing	
  and	
  interpreLng	
  relevant	
  aspects	
  
of	
  the	
  teaching	
  and	
  learning	
  process	
  

in	
  orienLng	
  and	
  supporLng	
  teachers'	
  
educaLonal	
  choices	
  
•  	
  	
  

in	
  suggesLng	
  new	
  research	
  developments	
  	
  



An	
  episode	
  

•  Lower	
  secondary	
  school	
  (12/13	
  year-­‐old	
  
students)	
  

•  Experienced	
  teacher	
  

•  For	
  full	
  details	
  on	
  the	
  context	
  and	
  another	
  example:	
  see	
  
Morselli	
  (2013)	
  



What	
   can	
   you	
   tell	
   about	
   the	
   sum	
   of	
   three	
  
consecu*ve	
  numbers?	
  

The	
  task	
  

Individual	
  work	
  –	
  group	
  work	
  –	
  classroom	
  discussion	
  



Proof	
  by	
  generic	
  example	
  

Moreover,	
  if	
  the	
  third	
  number	
  gives	
  a	
  unit	
  to	
  
the	
  first	
  number,	
  we	
  have	
  three	
  equal	
  
numbers	
  



First	
  algebraic	
  proof	
  

!‘
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Cojisegna 1

(individuale — gruppo — discussione )
1. Considera Ia somma di tie numeri interi consecutivi. Che cosa puoi osservare?
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(gruppo — discussioiie )
2. Sulla base di quanto osservato nd punto precedente, provate a formulate una
congettura sulla somma di tre nurneri interi consecutivi qualunque. Motivate la
vostra ipotesi.
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a+a+a+1+2	
  
a*3+1+2	
  
a*3+3	
  



First	
  algebraic	
  proof	
  



CR,	
  
ER,	
  TR	
  

ER,	
  TR	
  

Expression	
  that	
  it	
  
“transformable”	
  

The	
  goal:	
  
divisibility	
  

by	
  3	
  



ER,	
  TR	
  

One	
  could	
  even	
  perform	
  
transformaLon	
  without	
  

knowing	
  that	
  the	
  property	
  
aimed	
  at	
  is	
  “divisibility	
  by	
  
3”,	
  and	
  find	
  it	
  	
  at	
  the	
  end	
  	
  

CR,	
  
ER,	
  TR	
  

ER,	
  CR	
  



tonsegna 2 (inuiviauule)

Relaziona ii ragionamento fatto insieme per inotivare Ia cougettura Prova ad
elencare tutti i passaggi cruciali del ragionamento. indicando per ogiii eventuale
passaggio intermedio a che cosa ti serve e perché tale risultato iutermedio è vero.
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Second	
  algebraic	
  proof	
  

And	
  in	
  this	
  way	
  we	
  also	
  prove	
  that	
  the	
  sum	
  of	
  three	
  
consecuLve	
  numbers	
  is	
  divisible	
  by	
  3	
  



Second	
  algebraic	
  proof	
  



Second	
  algebraic	
  proof	
  

RE	
  
RT	
  di	
  alto	
  livello	
  

CR,	
  
ER,	
  TR	
  

Expression	
  
that	
  it	
  

“transform
able”	
  

The	
  goal:	
  
divisibility	
  

by	
  3	
  ER,	
  TR	
  



Second	
  algebraic	
  proof	
  

RE	
  
RT	
  di	
  alto	
  livello	
  

CR,	
  
ER,	
  TR	
  

Expression	
  that	
  
is	
  

“transformable”	
  

The	
  goal:	
  
divisibility	
  

by	
  3	
  

Also	
  the	
  divisibility	
  by	
  the	
  
intermediate	
  number	
  is	
  

obtained	
  

ER,	
  TR	
  

ER,	
  CR	
  



Second	
  algebraic	
  proof	
  

RE	
  
RT	
  di	
  alto	
  livello	
  

CR,	
  
ER,	
  TR	
  

ER,	
  TR	
  

TransformaLon	
  is	
  strongly	
  
guided	
  by	
  the	
  idea	
  of	
  “taking	
  

away	
  1”	
  ,	
  inspired	
  by	
  the	
  former	
  
proof	
  by	
  generic	
  example	
  

	
  
TransformaLon	
  is	
  highly	
  goal-­‐

oriented	
  (TR)	
  



Comparison	
  between	
  the	
  two	
  proofs:	
  
	
  
1.  the	
  first	
  one	
  is	
  mainly	
  syntac?cal	
  and	
  could	
  be	
  

carried	
  out	
  without	
  having	
  in	
  mind	
  the	
  property	
  to	
  
prove;	
  	
  

2.  the	
  second	
  one	
  can	
  be	
  performed	
  only	
  under	
  the	
  
guide	
  of	
  a	
  strong	
  an?cipa?on	
  (one	
  must	
  already	
  
have	
  the	
  goal	
  of	
  gekng	
  three	
  Lmes	
  the	
  same	
  
number);	
  	
  

3.  the	
  second	
  algebraic	
  proof	
  seems	
  to	
  be	
  possible	
  
only	
  in	
  con?nuity	
  with	
  the	
  argumentaLon	
  in	
  natural	
  
language	
  and	
  numerical	
  examples	
  (proof	
  by	
  generic	
  
example).	
  



In	
   order	
   to	
   jusLfy	
   a	
   new	
   analyLc	
   tool	
   in	
  MathemaLcs	
  
EducaLon	
  it	
  is	
  necessary	
  to	
  show	
  how	
  it	
  can	
  be	
  useful:	
  

in	
  describing	
  and	
  interpreLng	
  relevant	
  aspects	
  
of	
  the	
  teaching	
  and	
  learning	
  process	
  

in	
  orienLng	
  and	
  supporLng	
  teachers'	
  
educaLonal	
  choices	
  
•  	
  	
  

in	
  suggesLng	
  new	
  research	
  developments	
  	
  



The	
  integrated	
  analyLcal	
  tool	
  is	
  efficient:	
  

Fine-­‐grained	
   analysis	
   of	
   the	
   dialecLc	
   between	
  
adherence	
   to	
   syntacLc	
   rules	
   and	
   goal-­‐oriented	
  
management	
   of	
   the	
   formalizaLon,	
   transformaLon	
  
and	
  interpretaLon	
  processes	
  (ER-­‐TR)	
  

in	
  describing	
  and	
  interpreLng	
  relevant	
  aspects	
  
of	
  the	
  teaching	
  and	
  learning	
  process	
  
	
  
	
  
	
  

1	
  



in	
  orienLng	
  and	
  supporLng	
  
teachers'	
  educaLonal	
  choices	
  
•  	
  	
  

2	
  

The	
  integrated	
  analyLcal	
  tool	
  is	
  efficient:	
  

•  Foresee,	
  grasp	
  and	
  manage	
  crucial	
  points	
  (e.g.	
  
two	
  possible	
  proofs)	
  

•  Outline	
  occasions	
  for	
  meta-­‐mathemaLcal	
  
discussions	
  (e.g.proof	
  by	
  generic	
  example)	
  



in	
   suggesLng	
   new	
   research	
  
developments	
  	
  3	
  

•  InteracLon	
  between	
  ER	
  and	
  TR,	
  crucial	
  role	
  of	
  TR	
  in	
  
transformaLon	
  

•  RelaLon	
  between	
  communicaLve	
  choices	
  (CR)	
  and	
  validity	
  
jusLficaLon	
  (ER)	
  in	
  the	
  context	
  of	
  the	
  classroom	
  

•  Design	
  and	
  implementaLon	
  of	
  task	
  sequences:	
  

•  to	
  propagate	
  the	
  culture	
  of	
  theorems	
  aimed	
  at	
  
•  to	
  create	
  occasions	
  to	
  discuss	
  meta-­‐mathemaLcal	
  aspects	
  

of	
  this	
  culture	
  

The	
  integrated	
  analyLcal	
  tool	
  is	
  efficient:	
  



Thank	
  you	
  for	
  your	
  amenLon!	
  


