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A Geometric Characterization of Maximal Unrefinable Partitions
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L’Aquila

Integer partitions into distinct parts may appear in several areas of mathematics, sometimes
unexpectedly. In particular, they have been recently shown to be linked to translation subgroups
in the symmetric group with 2" elements and generating sets of groups in a group-theoretical
problem related to algebraic cryptography [3,5]. Triggered by this problem, Aragona et al.
showed that the generators of a given group are linked to partitions into distinct parts which
satisfy a condition of non-refinability [4] together with a condition on the minimal excludant.
This motivates us to investigate some combinatorial aspects of unrefinable partitions, i.e. those
in which no part can be written as the sum of two different integers which do not belong to
the partition (cf. the On-Line Encyclopedia of Integer Sequences for the first values |6, https:
//oeis.org/A179009]).

In this talk, we investigate the combinatorial structure of unrefinable partitions through their
correspondence with numerical sets and Young diagrams. Building on the bijection introduced
by Keith and Nath, we apply a general geometric criterion that links the unrefinability of a
partition directly to the hook lengths of its associated Young diagram. This criterion provides a
structural method for the characterization of any unrefinable partition.

Using this general framework, we revisit the correspondence results between mazimal unre-
finable partitions and partitions into distinct parts, previously established using enumerative
methods [1]. We provide alternative and purely combinatorial proofs of these bijections, focus-
ing on the rigid symmetry structures of the Young diagrams. In the triangular weight case, we
show that the corresponding diagrams are quasi-symmetric, i.e. symmetric up to a single extra
column. We extend this analysis to the nontriangular case, showing that the diagrams either
exhibit this same quasi-symmetric structure or are perfectly self-conjugate, depending on the
maximal part.

This is a joint work with Campioni and Civino [2].
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We propose Eidolon, a post-quantum digital signature scheme based on the NP-complete prob-
lem of graph k-colorability. The construction generalizes the classical zero-knowledge identifica-
tion protocol of Goldreich, Micali and Wigderson from 3-colorability to arbitrary k-colorability,
and then applies the Fiat—Shamir transform to obtain a non-interactive signature scheme.

The public key is a graph generated with a planted valid k-coloring, while the secret key is
the corresponding coloring. The graph is constructed so that the secret coloring is known to
the signer but remains hidden inside an instance whose statistical behavior is close to that of a
random graph. This point is important because worst-case NP-hardness alone is not sufficient
for cryptographic security: concrete graph instances may still be vulnerable to heuristic solvers.

To reduce signature size, Eidolon uses Merkle-tree commitments. Instead of including all
vertex commitments in every Fiat—Shamir round, the signer publishes Merkle roots and reveals
only the authentication paths required by the verifier. This compresses the signature size from
asymptotically O(tn) to O(t log n), where n is the number of vertices and t is the number of
Fiat—Shamir rounds.

We also present an empirical security analysis against classical and learning-based attacks. In
particular, we evaluate exact coloring methods, the DSatur heuristic, and a graph neural network
attacker inspired by recent work on combinatorial optimization with GNNs. The experiments in-
dicate that, for the tested parameter ranges, neither DSatur nor the GNN-based approach is able
to recover the planted coloring for sufficiently large graphs. These results suggest that carefully
generated k-colorability instances can resist the considered classical and machine-learning-based
cryptanalytic approaches.
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We introduce a Diffie-Hellman key-exchange protocol built upon a novel algebraic structure,
providing a new approach to secure key establishment.
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Functional Encryption is an extension of public-key cryptography that enables the receiver
to learn a specific function of the encrypted data without revealing any additional information
about the plaintext [3]. Motivated by [1], we present a functional encryption scheme for the
inner product whose security relies on the Learning Homomorphism with Noise problem [2], a
group-based variant of the Learning With Errors problem. Furthermore, we analyze the security
of the scheme.

This contribution was partially supported by an INAAM-GNSAGA project
(CUP E53C25002010001).
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Graph-theoretic methods play an important role in modern cryptography and information
security. Several cryptographic primitives and secret-sharing schemes have been proposed using
graph-based constructions, whose security relies on the computational hardness of classical graph
problems such as Clique, Coloring, Dominating Set, and Hamiltonian Cycle. This connection
motivates the study of graph families in which such problems become tractable, as understanding
the underlying structural reasons for this behavior may help identify both suitable and unsuitable
candidates for cryptographic applications.

In this talk, we focus on graphs naturally associated with groups, including power graphs,
commuting graphs, and related constructions. These graphs provide a rich interaction between
algebraic and combinatorial properties, often exhibiting a highly constrained structure inher-
ited from the underlying group. We present recent results showing that, for broad classes of
group-associated graphs, certain graph-theoretic properties force strong algebraic restrictions.
As a consequence, some graph families that might initially appear suitable for hardness-based
applications can be ruled out.
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There are three main cryptographic approaches used to build secure aggregation protocols:
masking, additively homomorphic encryption, and functional encryption. We review these ap-
proaches and discuss how each enables secure data aggregation.

This contribution was partially supported by an INAAM-GNSAGA project (CUP E53C250020
10001).
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