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The di�culty of installing soil moisture sensors in the deeper layers of the root zone rep-
resents a major limitation for both hydrological modeling and irrigation management. In this
study, we propose a predictor�corrector Physics-Informed Neural Network (PINN) framework
to estimate soil water content at 60 cm depth using solely measurements collected at 30 cm.
The predictor�corrector architecture enables a physically consistent data augmentation strategy,
whereby additional informative samples are generated over a depth domain spanning from 0 to
60 cm, allowing the transition from Neumann to Dirichlet boundary conditions and the pro-
gressive re�nement of the predictions through successive training stages. The results show that
the reconstructed soil moisture at 60 cm closely reproduces the observed dynamics, highlighting
the capability of the proposed approach to recover soil moisture pro�les even in the absence of
direct measurements. This methodology therefore provides a practical solution for extending
observational datasets in real-world applications, particularly when in situ sensors or satellite
products are limited to shallow soil layers.
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Mixed-dimensional partial differential equations (PDEs), characterized by couplings between
operators defined on domains of different dimensionality, pose significant computational chal-
lenges due to their inherent ill-conditioning. Moreover, the computational cost increases sub-
stantially when such problems must be solved repeatedly to address multiple instances of the
low-dimensional component, which in many practical applications correspond to varying config-
urations of fracture, fiber, or vascular networks.

In this work, we develop a novel training strategy for neural preconditioners developed in [1]
that leverages the geometric structure of Krylov subspace methods. The core contribution is the
formulation of a dynamic training algorithm in which the loss functional directly optimizes the
angles between Krylov subspaces that govern the convergence behavior of iterative solvers [2].

The proposed approach retains the advantages of unsupervised learning, such as straight-
forward data generation and independence from ground-truth solutions, while introducing a
transparent, solver-integrated performance metric. A differentiable formulation of the Flexible
GMRES algorithm enables efficient gradient-based optimization via backpropagation through
the solver’s iterative process. The resulting dynamic loss captures the alignment between the
residual vector and the Krylov subspace at each iteration, providing a geometrically meaningful
proxy for the convergence rate.

The performance of this solver-aware training strategy is validated through numerical experi-
ments, which demonstrate a significant acceleration of iterative solver convergence. The method
generalizes across different topological configurations of one-dimensional graphs and adapts to
variations in problem discretization without requiring retraining.

These results confirm the effectiveness of the proposed training strategy in enabling the neural
preconditioner to directly influence Krylov subspace geometry and, consequently, to accelerate
the convergence of iterative solvers.
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Reaction-diffusion partial differential equations (PDEs) play a central role in the mathematical
modeling of complex processes arising in sustainability and energy-related applications, including
electrochemical phenomena in batteries, vegetation dynamics, and combustion processes. The
reliable numerical simulation of these phenomena requires high-order, stable, and efficient time
integration methods, particularly in applications involving repeated large-scale PDE solves within
iterative optimization procedures for parameter calibration. Among the available approaches,
linearly implicit W methods represent a promising class of integrators [5].

In this talk, we therefore focus on two complimentary goals. First, we investigate strategies
to improve the efficiency of the above mentioned W methods. In particular, we combine W-
methods of order up to four [1,4,6] with Approximate Matrix Factorization (AMF) and matrix-
oriented techniques, exploiting the structure of the matrices generated by the discretization of
the diffusion operator by means of finite differences. A detailed comparison of the resulting
approaches is carried out in terms of computational cost and accuracy [2].

Secondly, we focus on a more general framework of PDEs with time-dependent boundary con-
ditions. In this setting, W methods may experience the phenomenon of order reduction [4]. To
address this issue, we propose new boundary correction techniques aimed at restoring the ex-
pected convergence order, with a moderate additional computational effort [3]. The effectiveness
of the proposed techniques is assessed on several problems with prescribed Neumann, Robin, or
mixed Dirichlet-Neumann boundary conditions in multiple space dimensions.
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Agent-based models (ABMs) describe systems of interacting agents capable of displaying com-
plex collective behaviours such as consensus formation and clustering, with applications in biology
and social dynamics [1,2]. However, as the number of agents and the dimension of their states
increase, the design of optimal control strategies becomes computationally prohibitive. In this
talk, we present a scalable control framework that combines two complementary model reduction
strategies: hierarchical clustering, which reduces the number of agents by capturing collective
dynamics at the level of cluster centers, and projection-based [3] reduction via Proper Orthog-
onal Decomposition (POD). These components are integrated within a feedback loop to design
optimal control laws on a reduced-order representation of the system. Numerical results on opin-
ion dynamics models [4] show that the proposed approach significantly improves computational
efficiency and enables control in regimes where direct methods become infeasible.
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This talk discusses a feedback-control construction for the N -particle interacting system

dXi
t = −∇V (Xi

t) dt−
1

N

N∑

j=1

∇W (Xi
t −Xj

t ) dt+
√
2σ dBi

t, i = 1, . . . , N,

where (Bi)Ni=1 are independent standard Brownian motions and N is large. The feedback is
designed from the mean-field PDE, viewed as the Wasserstein gradient flow of the entropy-
regularized free energy

F(µ) := E(µ) + σ

∫

Td

µ logµdx.

In the case W ≡ 0, this is the Fokker–Planck equation associated with the overdamped Langevin
dynamics used for sampling from a Gibbs density. The goal is to use feedback as a controlled burn-
in mechanism by accelerating convergence of the empirical measure µN

t to a selected equilibrium.
This is more needed when F is nonconvex around µ̄, since the small eigenvalues of the Wasserstein
Hessian of F control the convergence rate.

The feedback is built from the eigenfunctions associated with eigenvalues λj ≤ δ of the Wasser-
stein Hessian of F through an algebraic Riccati equation, and it adds to each particle a drift
depending only on the empirical averages of those eigenfunctions. For the closed-loop particle
system, conditioned consistency on short blocks, positive-time smoothing of the McKean–Vlasov
flow, and Gaussian concentration of the particle Itô map give the estimate

sup
tburn≤t≤ec′N

EW 2
2 (µ

N
t , µ̄) ≤ Cβd(N) + Ce−(c−c′)N .

Here βd(N) is the empirical-measure rate of [3]. Thus the feedback replaces the usual logarithmic-
time obstruction by an exponentially long confinement estimate, within the local basin where
the PDE stabilization theorem applies.

For sampling, the normalizing constant of the Gibbs density is usually not available. This work
shows how the same controller can be assembled from the unnormalized weight e−V , using the fact
that the eigenproblem and the selected eigenfunctions are unchanged. Numerical experiments
illustrate this implementation. I will also discuss methods for recovering the selected Hessian
eigenfunctions from data.
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We propose two neural-network-based approaches for the construction of C0-conforming ap-
proximation spaces on general polygonal meshes for the numerical solution of partial differential
equations. The proposed techniques are inspired by the Virtual Element Method (VEM) [1], but
replace the implicit formulation of local basis functions with explicit neural-network representa-
tions to avoid the usage of problem-dependent projection and stabilization operators typically
required in VEM. These neural approximations are subsequently employed within a conventional
finite element assembly framework.

The original Neural Approximated Virtual Element Method (NAVEM) approximates the VEM
basis functions on each element by training neural networks to identify a suitable combination
of harmonic functions that mimics the target VEM basis function on the element boundary [2].
However, since the reconstructed basis functions are computed independently on each element,
the resulting approximation space is, in general, nonconforming across inter-element boundaries.

To recover C0-conformity, we introduce two alternative neural formulations, named B-NAVEM
and P-NAVEM, both based on fully connected feed-forward architectures but characterized by
different training strategies [3]. In B-NAVEM, the local basis functions are obtained through
a Physics-Informed Neural Network (PINN) strategy with strongly enforced Dirichlet boundary
conditions. The neural networks are trained to solve the local Laplace problems associated
with the VEM basis functions. The resulting basis functions match polynomial VEM traces
on the element boundaries and remain approximately harmonic inside the elements, thereby
reproducing the main features of the VEM space while ensuring continuity across the mesh. The
second approach, P-NAVEM, follows a different philosophy. Rather than reproducing the VEM
space itself, it directly learns continuous approximation functions by imposing a polynomial
reproducibility condition, which is the essential ingredient for achieving optimal polynomial
convergence properties.

Several numerical tests on linear and nonlinear problems confirm that both approaches achieve
optimal convergence rates, within the approximation capability of the neural networks, and
deliver results comparable to those of the standard VEM, while maintaining the flexibility of
polygonal discretizations.
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