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Stabilization Strategies for High Order Methods
for Transport Dominated Problems
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Abstract. — Standard high order Galerkin methods, such as pure spectral or high order
finite element methods, have insufficient stability properties when applied to trans-
port dominated problems. In this paper we review some stabilization strategies for
pure spectral methods and spectral multidomain approaches.

1. — Introduction.
1.1 — General overview.

Finite element upwind approximation techniques have been developed
enormously since the pioneering work by Mitchell and Griffiths [30] and the
generalization and analysis by Baba and Tabata [1]. The strongly consistent
SUPG-method introduced in 1982 by Brooks and Hughes [8] and analyzed by
Johnson, Névert and Pitkiranta [24] opened the door to high order upwind
approximations in a finite element framework. Since then, a broad variety of
strategies for determining stabilization parameters, generalizations and
other approaches have been proposed, see e.g. the book by Roos, Stynes and
Tobiska [35].

1.2 — Model problem.

We will concentrate on the following model problem: find u : 2 — R such
that

1) Lu=—-vau+p-Vu+ou = f inQ,

u = 0 onodQ,

where Q is an open bounded subset of R? with boundary 8. For the problem
with non-homogenous boundary conditions standard lifting techniques can be

(*) Conferenza tenuta a Perugia il 18 giugno 2007 da A. Quarteroni in occasione del
“Joint Meeting U.M.I. - D.M.V.”.
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based on the BGK model. In order to compute the Couette flow rate Q.(d, az, az)
one can solve numerically Eq. (8.6), extending a finite difference technique first
introduced by Cercignani and Daneri [19].

Once {(H) has been numerically evaluated on a grid that spans the domain of
interest, Eqs. (9.5) and (9.7) give the pressure field in the gas film as a function of
X. Furthermore, a prediction of the vertical force acting on the upper surface of
the slider bearing, crucial for practical design, may be obtained from the load
carrying capacity W, defined as

I
9.9) W= Of L/(P —1)dX

In order to investigate the effects of the rarefaction parameter J, and the
bearing number A on the basic lubrication characteristics (pressure distribution
and load carrying capacity), the parameters describing the gas film geometric
configuration were fixed at the following values: D;/D, = 2, L /D, = 100. Figure
2 shows the pressure field as a function of the longitudinal coordinate X at three
different bearing numbers: A4 = 10, 50, 200. To assess the influence of the
boundary conditions, the profiles corresponding to different accommodation
coefficients (for bounding walls supposed physically identical) are drawn in Figs.
2 and 3.
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Fig. 3 — Pressure profile for J, = 0.5. The line styles indicate a = 0.8 (solid), a = 0.3
(dashed), and a = 0.1 (dot dashed). The bearing number A is 200.
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surable functions x — u(x) : (0,1) — H, whose pth power norms are summable,
with the norm ||u||g, = 0f1||u(x)|%dx,p € (1, 00).
The vector-valued Sobolev space is defined as
W(0,1; DA%, H) = {u : A% € LP(0,1; H); u"™ € LP(0,1; H)},
the norm in this space is given by
||u||W;f(0,1;D(A2),H>: HAzuHLP(O,l;H)+ Hu(n)HLP(O,LH)'

The space D(A) is defined by
D) = {u € Das julfpiay= el + [l Al < o0}

and it is precisely the domain of A equipped with the Hilbertian graph norm.

Let — A be the generator of the analytic semigroup e~ for ¢ > 0, decreasing
at infinity, and strongly continuous for ¢ > 0. We define the interpolation space
[14, p. 96]:

m,0

e ¢}
(H,DA™))g, = {u € H;|ju|® ,= f grA=0p=1|| gme—tay |7 dt < oo},
0
0<f<1lmeN1<p<oo.

|1l 18 the norm in (H, D(A™))g,, -

1 +o00 .
Let (Fu)(0) = 2rn)2 [ e "*u(x)dx be the Fourier transform of u.We recall

the following.

DEFINITION 1. — The mapping T : R — B(H), s said to be a Fourier multi-
plier of the type (p, p) if for all f € LP(R, H) we have
1FTEF | ey = O

LP(R,H)

THEOREM 2 (Mikhlin-Schwartz) [7]. -- If the mapping
T: R — BH)
c — T(o)

1s continuously differentiable, and the inequalities

C
<z
||

hold for all o € R, then T(o)is a Fourier multiplier of type (p, p).

)
17|l < C and H%T(a) fora#0

B(H)
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Fig. 4. — Convergence behavior of the upwind DG-method and the DG-method using
the jump of the gradient for the advection-reaction equation under /-refinement for a
smooth solution (left) and a irregular solution (right) measured in the L?-norm.

6. — Conclusion.

Comparing the DG- with the continuous versions of the finite element method
is not easy. A discontinuous finite element space allows easier implementation of
hp-strategies with hanging nodes. On the other hand the disadvantage is the
increased number of degrees of freedom. But this argument gets less and less
relevant while increasing the local polynomial degree N since basis-functions
having its support on the edges increase proportionally to N while basis-func-
tions having their support only on the interior of the element increase as N2. In
general we conclude that DG-methods are successful for pure transport pro-
blems and stabilization parameter independent local mass conservation can be
achieved, see (13). For convection-diffusion problems continuous approximations
are attractive since the stabilization can be made independent of the diffusion
parameter. A comparison with respect to different aspects of the continuous
methods can be found in Table 1.

TABLE 1. — Comparison of some relevant aspects for different schemes.

SUPG OS SV LPS CIP

Time-stepping, source terms - + + + +
Stabilization par. indep. on diffusion coefficient - + + + +
Same degree of freedom as standard FEM + - + + +
Same stencil as standard FEM + + - - -
Data-structure (*) + + - - -

(*) Need use of hierarchical meshes or to know solution on heighbor elements, in
contrast to standard FEM.
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